INTRODUCTION
The influence of attenuation on pulsed ultrasonic signals has been under intense investigation especially in biomedical applications where it is most noticeable. Because attenuation depends on frequency, signals will be dissipated and dispersed as they travel through the medium. For many materials attenuation can be measured in vivo using a transmit and receive system where a pressure signal goes through a layered medium of fixed dimensions. The amount of attenuation, loosely defined as signal loss, is often found to be linearly or nearly linearly dependent on frequency. From this fact and the notion of causality it is possible to predict the phase angle of the spectrum as a function of frequency. Because this phase is nonlinearly dependent on frequency, the signal will be dispersed. This implies that transient responses experience distortion and the measured velocity of the pulse will be shifted with respect to the sound velocity expected from a lossless medium. In his paper on power law attenuation [1] , Szabo has proven the amount of dispersion is maximum when the attenuation is linearly dependent on frequency and correspondingly minimum with a frequency square dependency.
The equation most often employed to describe wave propagation in attenuative medium is the so-called viscoelastic wave equation. The approximate analytic solution yields an attenuation with a frequency-squared dependency implying that the impulse response in the time domain is a Gaussian whose width is a function of the amount of damping and distance from the transmitted signal. It is shown here how under certain conditions for sound velocity and signal bandwidth the viscoelastic wave equation can model linear attenuation phenomena but cannot in general describe experimental results. Therefore a different wave equation has been derived to model linear attenuation and account for dispersion. These equations are implemented numerically via the finite element method thus enabling the investigation of more complicated systems. Although group velocity is defined as a function of frequency, these results will demonstrate the relation between pulse velocity and distance from input excitation as well as viscosity of the medium. The numerical model used to obtain these results is applied to specific pulse-echo and pitch-catch geometries and clearly indicate that time-of-flight information is not necessarily linearly related to distance travelled.
PROBLEM FORMULATION
The linearized viscoelastic pressure wave equation for compressible adiabatic fluids is given as
where p is the finite pressure, Co is the loss less sound velocity defined as Co = j B I P with B the compressibility and p the density of the fluid. The third order term is a result of a first order relaxation effect between p and condensation s such that (2) where T is the relaxation time in seconds. Because it can often be easily, viscosity is an important parameter in nondestructive testing and process control and previous
For a sinusoidal input pressure of magnitude Po and frequency w the one dimensional solution of (1) at position x is defined as the real or imaginary part of
assuming the input is at x = O. The transient response in 1D due to any pressure input can be found by the inverse Fourier transform of (3) such that
is the Fourier Transform of the input function. In order to define the attenuation parameter, (3) can be approximated as (5) which is valid if WT « 1. This represents a dissipative but non-dispersive solution since the phase is a linear function of frequency. For transient pulse excitations this translates into signals which will broaden as they evolve in space and time but which will not distort nor experience a change in peak pulse velocity. The more general interpretation of (3) yields a nonlinear phase and an anomalously dispersive solution which in the frequency domain means the phase and group velocities increase with w. For transient responses this implies more distortion and a greater shift in signal velocity at points closer to the position of the pressure input. The region of greatest dispersion corresponds to a distance on the order of COT away from the source which is where the diffusive term has about as much effect as the wave propagation term. In this region the assumption of WT « ° no longer holds. For points much closer to the source, or x « CoT, the diffusive term dominates while for x » COT the propagation effect is more noticeable and where the approximation of (5) is most applicable. For distances around COT the amount of attenuation will be linearly dependent on frequency.
For frequencies in which WT > 1 the damping coefficient, defined by 
approaches linear or power-law dependency on w. In this range, however, the amount of attenuation is also high meaning that signals quickly drop below detectable levels. The relative effect of WT on a broadband input pulse are obtained via a numerical inverse FFT algorithm and are illustrated in Fig. 1 in normalized time coordinates.
For applications in NDE or biomedical imaging the viscoelastic model is not adequate in describing lightly damped materials where attenuation is linearly dependent on frequency. This is because CoT would be relatively large forcing strong attenuation TlCo. Thus it has been necessary to develop a new form of the wave equation which will yield attenuation of any power law dependency such that in lieu of (3) the frequency response is assumed to be P ' ( ) D -j-"'-x-aolwl"x X,W = roe co (7) where y can be any non-integer 1 S; y S; 2. Because in the time domain (7) yields a noncausal solution it has been theorized that a nonlinear frequency dependent phase must be included. to obtain a real response. The most common method for determining this phase is to use the Kramer-Kronig relations based on the fact that the phase and magnitude of the frequency response are related through the Hilbert transform. Because the integrations in these transforms are not convergent the nearly local Kramer-Kronig theory is needed [6] . In an effort to overcome these limiting assumptions Szabo [1] has proposed a time causal approach for determining the phase and has provided experimental proofs for his results. Accordingly he has proposed the phase to be 
By numerically evaluating the inverse FFT of (11) one can find the effect of power law attentuation on broadband signals for various y values. The graphs of Figure 2 illustrate the pulse distortion at two spatial locations relative to the source.
In order to study pulse wave propagation through more complicated geometries a numerical formulation of the wave equation is required. The equation which yields (11) as a solution in the frequency domain is given by (12) if we make the appropriate substitution k(r,w) = (30 + (3' 
in which the propagation constant k is a function of position and frequency for the finite element frequency domain (FEFD) formulation.
Upon discretization of the solution domain and application of the Galerkin method of weighted residuals, (12) is transformed into a linear system of equations in which Ni and N j are known as the weighting and interpolation function respectively, and Pi is the unknown pressure at frequency w and nodal point i. The brackets <> represent integration over the solution domain. If Pi is determined for a range of frequencies of increments ~w, the transient signal can be recovered at any node via a Fourier series given by N Pi(m~t) = L Pi(n~w)d21rmAtnAw (15) n=-N Although the Fourier series yields a periodic function in time the period To can be chosen to be larger than the time at which the pressure signal is still observable with the selection of frequency step size ~w. An advantage of the FEDF is the ability to analyze the effects of many different input functions of varying bandwidths and center frequency with a single system response. This is important because the bandwidth of the transducer will affect pulse distortions and velocity shift detect ability. Also because most attenuation experiments gather and analyze data using frequency domain techniques, the FEDF method provides a convenient way of comparing theoretical and experimental results.
RESULTS
The graphs of Figure 3 show a 20MHz bandwidth pulse as it propagates through the 3 layered medium where the outer layers are lossless with a sound velocity of 1216 mjS and acoustic impedance RA = PoCo = 1.2 MRayls. The center, which is 5 mm thick, is lossy and has a sound velocity of 1507 mjS, an impedance of RA = PoCo = 1.64 MRayls and an attenuation coefficient, ao = 1.33 x 10-9 Npj(m· W1.6). To illustrate the effect of attenuation and dispersion pulse propagation through the same medium but without losses is plotted on the same graphs. Likewise Figure 4 shows simulation results of a pitch-catch geometry in which the same lossy substance is now backed by a perfect reflector.
CONCLUSIONS
This paper presents a numerical method for determining transient signals through dispersive media with more complicated structure such as found in typical imaging systems. It is, demonstrated how, because of anomalous dispersion, time-of-flight information can be affected by the structure thickness as well as the amount of damping. For instance, given a generic three layer transmit and receive configuration shown in Figure 3 , the model predicts that it is possible for the shape and arrival time of the signal at receiver "B" to be affected by the middle layer thickness even if all three mediums possess the same acoustical sound velocity Co. Furthermore Figure 3 also represents the typical attenuation measurement experiment and the model illustrates that the attenuation is not frequency squared dependent if layer thickess is on the order of CoT.
